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Abstract 
Robustness, accuracy and good computational performance for large scale models are some of the salient 
requirements for general purpose finite element programs. A new one point quadrature shell element that meets 
these requirements has been previously developed in the works of Cardoso & Yoon (2005). In the theory, the finite 
element strain-displacement matrices are described in a convective coordinate system for the efficient 
implementation of a physical stabilization procedure. In order to increase the computational efficiency of the shell 
element, in this work the resultant-stress equations are formulated by reducing dimensionality to the shell's mid-
surface. In order to improve the simulation accuracy of sheet metal forming simulation utilizing commercial 
software, the proposed one-point quadrature element and a typical fully integrated element have been implemented 
to LS-DYNA using the user element interface. In addition, a plane stress yield function (Yld2000-2d, Barlat et al. 
(2003)) and a new anisotropic model (Yld2004-18p, Barlat et al. (2005)) that accurately describe the anisotropic 
behavior of aluminum alloy sheets were also implemented to LS-DYNA user material option (UMAT). Several 
examples including sheet forming are presented to demonstrate the element's robustness and efficiency and to verify 
the interface. 

 
 

Introduction 
The development of reduced integration shell elements has been intensively investigated by 
many researchers. The development for general-purpose finite element program is prompted by 
the need for improved performance, namely: i) robustness of the element’s ability to deal with 
volumetric locking (Belytschko and Bindeman (1991)), and shear and membrane locking 
(Hughes (1978, 1980)), ii) efficiency of the element in numerical computation. Among the 
works, Cardoso and Yoon (2005]) recently developed a warping efficient one point quadrature 
shell element based on physical stabilization using a convected coordinate system and a fiber 
coordinate system at the nodes. In the work, the fiber coordinate system at each node warps with 
the element. Also, the deformation tensor derived from the convective coordinate system 
improves the element performance for warped configurations. The element by Cardoso and 
Yoon et al.(2005) has been implemented in the commercial code LS-DYNA using the User 
Defined Element Option. The interface allows use of any user defined element rather than the 
element library provided within LS-DYNA. The standard elements occasionally show poor 
performance in some rigid-packaging applications. By using the user defined element, improved 
solutions can be obtained, since element performance is directly related to the solution accuracy. 
The performance and efficiency of the elements are demonstrated by various linear and nonlinear 
examples. 

Many anisotropic yield functions associated with isotropic work hardening have been proposed. 
Recently, a plane stress yield function, which accounts for yield stress and r-value 
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directionalities for every 45 degrees simultaneously was proposed by Barlat et al.(2003) (called 
Yld2000-2d).  Also, Barlat et al.(2005) suggested a new anisotropic model (call Yld2004-18p) 
which takes into account more than four ears. The yield function requires experimental input 
data every 15 degrees (if the data is available). Thus, it can capture the detailed distributions of 
both r-values and yield stress anisotropies.  In addition, the new model has the full three-
dimensional stress tensor. Therefore, it can be applied to situations involving an arbitrary number 
of stress components including shell and solid models. In this work, both Yld2000-2d and 
Yld2004-18p models were implemented to LS-DYNA UMAT. Tensile bar test and Earing 
prediction were presented to validate the yield functions. 
 
 

Reduced Integration Shell Theory 
Displacement field 
There are, in essence, four important coordinate systems for the shell element: i) Global 
coordinate system defined by the ( , , )x y z  coordinates; ii) Convective coordinate system defined 
at the center of the element; iii) Local coordinate system at the center of the element, with the 
base vectors ˆ ˆ,x y  and ẑ ; iv) Local nodal coordinate system at each node, defined by the base 
vectors 1iV , 2iV  and 3iV . A local nodal coordinate system is utilized to consider the element 
warping. The current position vector r  of a generic point of the shell is defined by: 

( )
4

3
1

1
1

4 2i i i i i i
i

h a
=

⎡ ⎤= + + + +⎢ ⎥⎣ ⎦
∑r r V

ζξ ξ η η ξη ,        (1) 

where  ( , , 0)i i= =r r ξ η ζ , 3iV  is the unit fiber vector emanating from the mid-surface, ia  is the shell 
thickness at the nodes, ,i iξ η  are defined as: 

{ } { }1 1 1 1 ; 1 1 1 1
T T= − − = − −ξ η        (2) 

and i i ih = ξ η . The displacement u  of a generic point is defined to be the difference between its 
current position, r  and the reference position, nr  

( ) ( )1 1 2 2,
2i i i i i i iN a

⎡ ⎤= + − −⎢ ⎥⎣ ⎦
u u V V

ζξ η θ θ .                      (3) 

Each node i  is represented by the following degrees of freedom: three displacements ,i iu v  and 

iw  and two local rotations 1iθ  and 2iθ . In this work, Belytschko and Leviathan's approach (1994) 
is employed by enforcing invariance for rigid body motion by P

i i i=u P u . 

Strain tensor  
Strains can be described by the combination of the displacement and rotation terms in the 
convective coordinate system by 

{ } ( )11 22 33 12 13 232 2 2 . 1 ~ 4
T i

i
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where, { }T

i i i iu v w=d  and { }1 2

T

i i i=θ θ θ . A co-rotational coordinate system is defined at the 

center of each element. To obtain the strain tensor at the co-rotational coordinate system, a 
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second order transformation is used to transform the strains based on the convective coordinate 
to the local co-rotational coordinate system: 

ˆ
i i= ℑB B ,                                                                        (5) 

where ℑ  is a 5 6×  transformation matrix. Therefore, the constant and linear parts of the strain 
tensor in the co-rotational coordinate system can be obtained by utilizing Eq. (5): 

0 0 0
1 2

ˆ ˆˆ i
i i i

i

⎧ ⎫
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ζ                                                   (6) 
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                            (7) 

Details of Eqs. (6) and (7) are shown in the work of Cardoso and Yoon (2005). 

 
 
Resultant form 
In order to obtain the continuum based resultant form equations, the shell kinematics can be 
described as: 

( ) ( ) ( ), , , , ;
2 2

a a
z z= + =u u uξ η ξ η ζ ξ η ζ .              (8) 

The displacement field is composed of a reference-surface ( ),u ξ η  contribution and a linear 

dependent part along the thickness ( ),u ξ η . In order to obtain the resultant-stress shell equations, 

the finite element equations are formulated with respect to the shell's mid-surface. For this 
purpose, the strain-displacement matrix for the constant field is organized as follows 
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For the construction of ( )0
1 5 6i ×

B  and ( )0
2 5 3i ×

B , a rigid body projection was applied to the strain-

displacement matrices. The strain-displacement matrices for the linear terms of the resultant 
strains are organized in the same way: 
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Stiffness matrix 
The stiffness matrix for the present one point quadrature shell element is a sum of the constant 
contribution 0

ijK  and the hourglass term H
ijK . These contributions are integrated in different ways 
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inside the element domain. For the constant term 0
ijK , the element stiffness matrix is obtained 

from the following equation: 

( ) ( )0 0 0ˆT

ij i j A=K B D B                                                    (11) 

where A  denotes the area of the element and is given by 04det( )A = J . The constitutive stress-

strain matrix D̂  is in the resultant form after integrating through the thickness direction as 
follows: 
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with z~(2,2))dĈ(1,1)Ĉ(
2
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Ĉ
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ss

z

d += ∫δ  (δ  is small value). In Eq. (12), ˆ pC (3x3) and ˆ sC (2x2) are 

the consistent tangent moduli of each material law which correspond to the membrane and shear 
terms. The Hourglass component of the stiffness matrix H

ijK  can be integrated analytically or 

numerically in the resultant mid-surface. In both cases, the stiffness matrix is obtained from the 
following integral: 

( ) ( )ˆTH H H
ij i jS

dS= ∫K B D B ,                                          (13) 

 
Internal force vector 
In the one point quadrature shell element, the internal force vector is the sum of the constant and 
linear terms 0

iF  and H
iF , respectively. The constant force vector 0t t

i
+Δ F  at time step t t+ Δ  is 

calculated at the element center as follows: 

( )0 0 0Tt t
i i A+Δ =F B S ,                                                    (14) 

where 0S  is the resultant stress defined below. The resultant stress vector 0S  is obtained after 
integrating the stresses through the thickness as follows: 

∫ Δ+=
z

l
tt dz

~

00

σS                         (15) 

For each Gauss point through the element thickness, the stresses at time step t t+ Δ  are updated 
from the stresses at time step t .  The increment of the hourglass force vector is also evaluated at 
the mid-point configuration: 

( )2
TttH H H

i iS
dS

Δ+Δ = Δ∫F B S ,                                        (16) 
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where: 

∫ Δ=Δ Δ+
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and: 
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Finally, the hourglass force is updated into the configuration at t t+ Δ  as follows: 

t t H t H H
i i i

+Δ = + ΔF F F .                          (19)  

 

Interface with LS-DYNA 
The LS-DYNA interface is designed to accommodate full and reduced integration shell elements.  
For a fully integrated shell element, it is required to pass only the user-defined beta matrix (B) 
and Jacobian determinant ( J ).  LS-DYNA calculates the “Stiffness Matrix” and “Internal Force 

vector” as follows: 
 

∫=
v

T dvCBBK , ∫=
v

T dvσBF  .             (20) 

 
On the other hand, for a reduced integration element (hourglass element), it is required to pass 

KH and FH in addition to the beta matrix (Bo) and the Jacobian determinant ( oJ ) for the 

constant part.  LS-DYNA constructs the following stiffness and internal force vectors: 
 

Hoo KCBBK += ∫v
T

dv , Ho FBF += ∫v
oT
dvσ .         (21) 

 
The “*SECTION_SHELL” card is required to be added in the input file as following (LS-
DYNA User’s Manual (2006), to be appear). 
 
 

Constitutive Modeling 
For cubic metals, there are typically enough potentially activate slip systems to accommodate 
any shape change. Compressive and tensile yield strengths are virtually identical and yielding is 
not influenced by the hydrostatic pressure. The yield surface of such materials is usually 
represented adequately by an even function of the principal values kS  of the stress deviator s 

suggested by Hosford (1972), i.e., 

1 2 2 3 3 1 2
a aa aS S S S S Sφ σ= − + − + − = .     (22) 

The exponent a is connected to the crystal structure of the material, i.e., 6 for BCC and 8 for 
FCC.  
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Extensions of Eq. (22) based to the case of planar anisotropy are briefly summarized for a plane-
stress and a general stress state. The formulation is based on two linear transformations of the 
stress deviator. The two linear transformations can be expressed as 

′ ′ ′ ′= = =s C s C Tσ L σ  (23) 
′′ ′′ ′′ ′′= = =s C s C Tσ L σ   

 
where T is a matrix that transforms the Cauchy stress tensor σ  to its deviator s . ′s  and ′′s are the 
linearly transformed stress deviators and ′C  and ′′C  (or ′L  and ′′L ) are the matrices containing 
the anisotropy coefficients.  
 
For plane stress, these two linear transformations reduce to 
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Let iS′  and jS′′  denote the principal values of the tensors ′s  and ′′s  defined above. The plane 

stress anisotropic yield function Yld2000-2d is defined as 
 

1 2 2 1 1 22 2 2
a a a aS S S S S Sφ σ′ ′ ′′ ′′ ′′ ′′= − + + + + = .  (25) 

 
Note that this formulation is isotropic and reduces to Eq. (22) if ′C  and ′′C  are both equal to the 
identity matrix. More details regarding Yld2000-2d can be obtained in Barlat et al. (2003). 
 
For a full stress state, the linear transformations can be expressed in the most general form with 
the following matrices 
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The anisotropic yield function Yld2004-18p is defined as 
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This formulation becomes isotropic if all the coefficients ijc′  and ijc′′  reduce to one. The reader is 

referred to Barlat et al. (2005) for additional information about this model. 
 
The LS-DYNA provides UMAT (User MATerial) option for the integration of a user defined 
material model. Through UMAT, Yld2000-2d and Yld2004-18p can be integrated. The main 
purpose of the module is to calculate the current stress as follows: 
 

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂Δ−Δ+=Δ−Δ+=Δ+=+ σ

εσεεσσσσ σε pC C n
p

nn1n )( .         (28) 

 
The procedure to calculate Eq. (28) is described in Yoon et al. (1999) in detail. Yield function is 
involved when the effective stressσ is calculated in Eq. (28). Both Yld2000-2d (Eq. (25)) and 
Yld2004-18p (Eq. (27)) were incorporated in this study.  
 
 

Numerical Results 
The interface verification of the proposed element and constitutive modeling was conducted by 
performing numerical simulations on a wide spectrum of problems which are frequently used for 
shell element validations. The proposed element is denoted as CYSE-R (Cardoso & Yoon Shell 
Element-Reduced integrated) and CYSE-F (Cardoso & Yoon Shell Element-Fully integrated). 
Several nonlinear examples are considered in this section. 
 
 
Hemispherical shell 
The example is illustrated in Fig.1 in which the radius R=10.0, the thickness a=0.04, the Young’s 
modulus E=6.825 x107 and the Poisson’s ratio v=0.3 were used. The following boundary 
conditions were assumed: the bottom circumferential edge of the hemispherical is free with 
opposing radial point loads, F=2.0 alternating at 90 degrees. The exact displacement solution for 
the loaded point is 0.0924. The problem is a valuable test for the behavior of the shell when the 
elements are warped. As pointed out in the work of Belytschko and Leviatan (1994), a large 
section of this hemispherical shell rotates almost as a rigid body in response to the alternating 
point loads. As a result, some elements show parasitic membrane straining when warped and 
therefore lock. The present element shows excellent behavior in this example demonstrating the 
ability to deal with rigid-body motions. Comparison including CYSE and QPH (Belytschko and 
Leviatan (1994)) is made in Table 1. 
 
 
 

Table 1. Hemispherical shell (results are normalized with respect to 0.0924) 
Number of 
Elements 

QPH BWC FISE CYSE-R CYSE-F 

12 0.28 0.94 0.32 0.39 0.54 
48 0.86 1.00 0.92 0.91 0.96 
192 0.99 1.01 0.99 0.99 0.99 
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Fig.1 Hemispherical shell   Fig.2 Schematic view for 30o skew plate 
 
 
Morley’s 30 skew plate 
Originally proposed by Morley  in 1963, this plate example is analyzed to test the sensitivity of 
the formulation to mesh distortions, as well as the ability to avoid any locking phenomenon. The 
geometry possesses a low thickness to length ratio (1/100) and the elements are uniformly 
distorted. The plate is simply-supported and subjected to a uniform pressure Q. The data for the 
problem is based on the work of Andelfinger and Ramm (1993).  Fig. 2 presents the geometry of 
the Morley’s skew plate. In this example, length L=100.0, thickness a=1.0, Young’s modulus 
E=105, Poisson’s ratio v=0.3 and the uniform pressure Q=1.0. Table 2 presents the normalized 
displacement at the center of the plate (C) compared with MITC4 (Dvorkin and Bathe (1984)). 
  

Table 2. Normalized Displacement at the Center of the Plate 
Elements 

per 
Side 

MITC BWC FISE CYSE-R CYSE-F 

4 0.88 1.16 0.95 0.97 0.88 
8 0.86 1.15 0.95 0.94 0.87 
16 0.94 1.13 0.98 0.96 0.93 
32 0.98 1.12 1.00 0.99 0.99 

 
The Kirchhoff reference solution is 4.455. The present formulation leads to excellent results. 
Mesh convergence to the reference solution is achieved for 32 elements per side as shown in 
Table 4. 
 
 
Torsion of a flat plate strip 
The purpose of this example is to demonstrate the performance of the element in warping and 
rotation and, at the same time, to illustrate its robustness. A torsional moment is applied to the 
end of the initially flat plate strip, leading to a relative torsional rotation of 180˚. It was reported 
that reduced integrated elements with artificial hourglass control (for example, LS-DYNA 
Element Library of 2 and 10, ABAQUS S4R) exhibit hourglass behaviors, while typical fully 
integrated elements have difficulty in rotating the full 180 degrees (for example, LS-DYNA 
Element Library of 16, MARC Element Library of 75). The input data are, for the material 
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properties, 612 10E = ×  and 0.3=ν , and for the geometry, the length 1.0L = , the width 0.25W =  
and the thickness 0.1a = . The initial and deformed mesh configurations are shown in Fig.3. It can 
be seen that the present element performs well with excellent warping behavior.  

 
 

Fig.3 Torsion of a plate 
 
 
Uniaxial tensile specimen 
The geometry of the plane stress tensile bar is shown in Fig.4(a).  The tensile bar has a thickness 
of 0.0100 inch and a cross-sectional area of 0.005 in2.  The material is an anisotropic material 
with isotropic hardening based on Yld2000-2d (Barlat et al. (2003)) using LS-DYNA UMAT. 
Young's modulus is 10 million psi and Poisson's ratio is 0.33.  The Voce coefficients are 
A=49136, B=13106, and C=35.56.  Displacement boundary conditions at the end of the bar are 
imposed using a rigid body.  A total displacement of 0.15 inches is achieved in 200 equal size 
increments.  The deformed shape and effective plastic strain contours after the onset of necking 
are shown in Fig.4(b).  The predicted r-values at 90 degrees to the rolling direction are provided 
in Table 3.  The theoretical r-value is 1.62. 
 

Table 3. r-value for Uniaxial Tensile Specimen 
 BWC FISE CYSE-R CYSE-F 

r-value 1.622 1.618 1.624 1.619 
 
 

 
(a) 
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(b) 

 
Fig.4Geometry of uniaxial tensile specimen (b) Effective plastic strain contours of uniaxial 

tensile specimen at onset of necking. 
 

 
Mini-die earing simulation 
The cup drawing test simulation with a circular punch and blank is one of most popular tests to 
verify the planar anisotropic behavior through the prediction of the earing profile. In the 
cylindrical cup-drawing test, the material undergoes compressive deformation in the flange area 
due to the circumferential contraction. Some stretching occurs in the radial direction of a cup. 
This test was simulated for an imaginary alloy sheet (called FM8) based on the proposed shell 
element and Yld2004 from Barlat et al. (2005) using LS-DYNA UMAT interface. Assuming 
isotropic hardening, the yield function coefficients are kept constant during the simulation. The 
mini-die geometry for the analysis is as follows: 
 
 Punch diameter:  Dp = 35.560 mm (1.4 inch) 
 Punch profile radius:  rp = 2.286 (0.09 inch) 
 Die opening diameter:  Dd = 36.576 mm (1.44 inch) 
 Die profile radius:  rd = 2.286 mm (0.09 inch) 
 Blank radius:  Db = 59.385 mm (2.338 inch) 
 
For the FM8 material, the r-value distribution is assumed to have double curvature to understand 
its effect on the earing profile.  Figure 5(a) shows the normalized yield stress and r-value 
anisotropies, predicted from Yld2004.  In the work of Yoon et al. (2006), it is proven that the 
earing profile is a mirror image of the r-value profile with respect to 90 degrees. Considering the 
r-value plot in Fig.6(a), eight ears are anticipated for the FM8 material. Fig.5(b) shows the 
deformed shape right before the sheet leaves die.  It is shown that eight ears are well predicted 
with the present shell element.  The earing profile is plotted in Fig.5(c). 
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(a) 
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                          (b)                               (c) 
 
Fig.5 (a) Yield stress and r-value plot for FM8 material (b) Thickness strain contour (c) Earing 
profile 
 
 

Summary 
A one point quadrature shell element utilizing physical stabilization based on a convective 
coordinate system has been implemented in LS-DYNA using the User Element interface for 
general purpose nonlinear applications. The implemented resultant shell is computationally 
efficient compared to the volumetric form. The element based fiber vector is proven to be 
efficient and robust for severe warping. Several examples demonstrate the accuracy and 
robustness of the proposed element. An accurate finite element simulation can be achieved by 
using the proposed element. Also, Yld2000-2d and Yld2004-18p were successfully implemented 
into the LS-DYNA UMAT subroutine. The anisotropic properties were best captured by 
Yld2004-18p.  The Yld2004-18p is capable of predicting more than four ears. 
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