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Abstract 
 
A new numerical method in LS-DYNA®, the incompressible smoothed particle Galerkin (ISPG) method, is developed for the 
simulation of shape evaluation of solder joints in electronic equipment during the reflow process. The ISPG method is aiming to 
suppress key numerical instabilities observed in the simulation of incompressible free surface fluid flow using strong form Lagrangian 
particle methods such as SPH. In ISPG method, a momentum-consistent smoothing algorithm is utilized to offer the desired numerical 
stability associated with the velocity field in the fluid particle integration scheme. To stabilize the pressure field in Navier-Stokes 
equations, a second-order generalized rotational incremental pressure-correction scheme is developed for the incompressible fluid 
flows. To simulate the shape evolution of solder joints during the reflow process, a numerical procedure considering the surface 
tension and wall adhesion effects is introduced. Several numerical examples are studied to demonstrate the accuracy and the 
efficiency of the new method. 

 
 

1 Introduction  
 

Solder joints are used to provide both mechanical and electrical connection in electronic packaging for IC 
industry. The solder geometry such as standoff height, contact angle, and so on, has the significant influence on 
the quality of solder joints such as their fatigue life. Thus, the prediction of shape evolution of solder joints in 
the reflow process is very important in electronic applications. In the past, analytical approaches, such as the 
truncated sphere method [1], the force-balanced solution [2-5], and the energy-based method [1], were usually 
used to predict the final shapes of the solder joints. However, the applications of these approaches have 
following major limitations: 1, their simulations of the shape evolution of the solder joints have no physical 
meanings. 2, they cannot simulate the reflowing with complex boundaries. For example, the Surface Evolver, a 
program developed by Brakke [5], has been successfully applied to predict the shapes of solder joints in the 
electronic packaging process, but it fails to simulate the process when molten solders flow out of the solder pad.  
3, when a ball grid array (BGA) deforms as the temperature changes in the reflowing, it affects the deformation 
of the solders. Under this situation, it will be too difficult for those analytical approaches to simulate such 
reflow processes. Thus, there is a great demand from IC industry to develop a physics-based numerical method 
to predict the shape evolution of solder joints during the electronic reflow process.   
In general, the soldering process lasts about several minutes. On the other hand, the size of the solder is very 
small, which causes big challenges for the physics-based numerical simulation in terms of computational cost. 
In the past decade, some researchers have tried to use the Eulerian methods to simulate the shape evolution of 
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the solder joints. Chou et. al. [6] developed the SOLA (SOLution Algorithm) scheme to solve the velocity and 
pressure fields in the fluid, in which the construction of the interface and the transportation of volume fractions 
of liquid in the cells are coupled with PLIC (Piecewise Linear Interface Calculation) and VOF (Volume of 
Fluid) technologies. This method has been successfully applied to simulate the overflow phenomena in the 
reflowing process. Nevertheless, this method has similar difficulties of Eulerian methods in tracking the 
complex interfaces and coupling with solids.   
Recently, the simulations of free surface flow based on Lagrangian frameworks have become increasingly 
popular. As the transport effect represented by the advective rate of change in the fluid flow can be fully 
bypassed in a Lagrangian system, numerical diffusion traditionally observed in Eulerian methods is minimized 
in Lagrangian particle methods. Additionally, since Lagrangian particles move with the fluid flow, free surfaces 
or interfaces can be easily tracked by identifying boundary particles. In comparison to Eulerian methods such as 
Finite Difference Method (FDM) [7] and Finite Volume Method (FVM) [8], Lagrangian particle methods can 
solve the fluid flow problems involving more complex geometry and physics with less numerical difficulties. 
Among Lagrangian particle methods, the Smoothed Particle Hydrodynamics (SPH) method [9] developed by 
Gingold et al. in late 1970s for astrophysical problems has been considered the earliest Lagrangian particle 
method. Since SPH is a collocation method instead of a Galerkin method, the consistent and rigorous numerical 
treatment of fluid formulation and boundary conditions remains to be developed. Because of that, its application 
in high accuracy fluid flow problems such as the reflow process is not as popular as the Eulerian method.   
Lagrangian particle methods are also popular in modeling solid problems [10][11]. Recently, the smoothed 
particle Galerkin (SPG) method [12][13] was developed to suppress the tensile instability and spurious zero-
energy mode in standard Lagrangian particle methods for solid mechanic applications. Different from 
conventional penalty approaches [14] which utilized a direct smoothing of velocity fields and stabilization terms 
in the weak formulation, a momentum-consistent stabilization algorithm was developed for SPG to generate the 
smoothed velocity field for stabilization and yet to preserve the conservation of linear momentum for the fully 
discretized equations. Since no additional stabilization term is needed, the new algorithm demands only one 
integration point per particle in the computation, and thus is computational efficient. Those nice properties of 
SPG prompt the development of new formulation for the high accuracy and efficient simulation of fluid flow 
problems.     
In this paper, a new SPG formulation for the simulation of incompressible fluid flows with free surfaces is 
presented. It is shown that the momentum-consistent stabilization algorithm in the SPG method can provide the 
desired numerical stability for the particle integration scheme in the flow simulation. Additionally, the moving-
least square approximation with the 1st order basis is used for the spatial discretization, and the 2nd order 
rotational incremental pressure-correction scheme is employed to impose the incompressible condition. Those 
numerical schemes enhance the consistent modeling of spatial discretization and incompressible condition and 
guarantee the conservation of fluid volume though the reflow simulation. To further simulate the shape 
evolution of solder joints during reflow process, the surface tension based on the surface curvature and the 
treatment of wall adhesion with contact angles are also considered in our new algorithm. Two numerical 
examples are studied to validate the accuracy and stability of the proposed method. 
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2 Preliminary 
 
2.1 Governing equations 
 

 In the Lagrangian description, the Navier-Stokes equation which is comprised of the pressure term, the 
viscosity term and the gravity term can be written as 

 
(1) 

where , ,  are fluid velocity, density and pressure, respectively.  is the dynamic viscosity, t denotes the 
time, and  is the gravity. The incompressible condition is enforced using the continuity equation by: 

0 (2) 

2.2 Projection scheme for incompressible flows 
 
In our study, the generalized the rotational incremental pressure-correction scheme proposed by Guermond et 
al. [15] is used. Firstly, the first derivative of velocity with respect of time is approximated by using the -
order backward difference formula denoted by  , where, ) are the 

coefficients, and in particular one has 

 
(3) 

Then, the pressure-correction schemes can be generalized into the following form: 

 

(4) 

 
where  is a generalized pressure prediction, e.g. 
 

 

(5) 

 
and  or 1 is a user defined parameter.  
As remarked by Guermond et al. [15], if one chooses  in the generalized rotational incremental pressure-
correction scheme, the consistency error in -norm and the pressure in -norm are both of the same order. In 
our study,  is chosen, which is the 2nd order generalized rotational incremental pressure-correction 
scheme. Subsequently, in the first sub step of the 2nd order GRIPC scheme, we have 
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(6) 

In the second sub step of the 2nd GRIPC scheme, the velocities are corrected through the following equation  

 
(7) 

where the variable  is defined as 

 (8) 

  
The corrected velocity in Eq. (7) must satisfy the divergence-free condition, which yields the following 

Poisson equation, 

 (9) 

From Eq. (7), it’s observed that the Neumann boundary condition . The Dirichlet boundary 
condition at the free surface can be induced from Eq. (8), that is 

 (10) 

where  is the free surface boundary, and  is the pressure at the free surfaces.  
 
2.2 Surface tension 

 
The surface tension causes a pressure jump  at the interface between the liquid solder and air proportional to 
the mean curvature of the interface 

 (11) 

where  is the surface tension coefficient, and   is the mean curvature, and  is the inward norm 
direction of the liquid solder surface. Subsequently, the pressure term applied at the essential pressure boundary 
condition can be calculated as  

 (12) 

 
 

2.3 Wall adhesion 
 
When molten solder is in contact with the substrate, the solder liquid interface forms a contact angle  with the 
wall boundary. If the angle  is equal to static contact angle , a state of static equilibrium is reached. If not, 
then a nonzero wall adhesion force tends to pull the interface to the equilibrium position. In our algorithm, the 
wall adhesion boundary condition can be expressed by the unit free surface normal  at the interface point  
shown in Figure 1 
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 (13) 

 

 
Figure 1. Illustration of the wall adhesion. 

 

3 Incompressible momentum-consistently smoothed Lagrangian particle formulation 
  
Using the 2nd generalized rotational incremental pressure-correction scheme, the weak from of incompressible 
flow problem can be formulated within the Galerkin framework using the Lagrangian approach and the particle 
approximation.  

 
3.1 Particle approximation function 
 
With a particle distribution denoted by an index set , the function  can be approximated 
using the meshfree or particle approximation 

 
(14) 

where  is the total number of particles in the discretization.  can be interpreted as the 
shape functions of the approximation for the field  where the superscript “a” denotes the support size of 

. The moving least-square interpolation [15] with the first-order basis is used in this work.  
 
3.2 Particle discretization in the velocity-prediction step 
 
The weak form of Eq. (6) using Eq. (14) and the direct nodal integration (DNI) scheme [16] gives 

 

(15
) 
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In Eq. (15) . Eq. (15) can be expressed by the matrix form 
given by 

 
(16) 

 
where  

 
(17) 

 
(18) 

 

(19) 

 

(20) 

 

(21) 

 
The predicted velocity is adjusted at the solid boundaries to ensure the velocity boundary condition in Eq. (6) is 
satisfied, which is can be found in [18]. 
 
3.3 Solution of Poisson equation with the 2nd order GRIPC scheme 
 
The pressure field  and the variable  defined in Eq. (8) are approximated by the meshfree/particle 
approximation, that is  

 
(22) 

 

(23) 

where   and  are nodal coefficients for pressure and  at the particle .  
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To enforce different boundary conditions, particles are divided into three groups: 
1) Interior particles, for which the Poisson equation (15) is employed, that is 

 
(24) 

2) Free surface particles, for which the Dirichlet boundary condition (16) is employed, that is  

 
(25) 

3) Neumann boundary particles, for which the Neumann boundary condition  is employed, 

that is 

 
(26) 

 
where  is the outward normal direction of the fluid at the Neumann particle . Using Eq. (24)-(26), the 

 can be solved. Subsequently, the pressure field  at the time step  can be obtained through Eq. 
(8), that is 

 
(27) 

  
Their values at the particles are used as particle coefficients of pressure  for the computation in the next 
time step. 
 
 
3.4 Particle discretization in the velocity-correction step with the 2nd GRIPC scheme 
 
By employing the meshfree/particle shape function and the direct nodal integration DNI scheme, Eq. (7) 
becomes  

 
(28) 

where  

 
 
The consistent mass matrix in Eq. (28) can be replaced by the lumped mass matrix, in which only the diagonal 
element is non-zero. Thus Eq. (28) becomes 
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(29) 

where the particle velocity at time step  can be explicitly computed and corrected.  
 
 
3.5 Updating the velocities and positions of the Lagrangian particles 
 
After particle velocities are corrected, particles move with corrected particle velocities, that is 

 
(30) 

The unsmoothed value of particle velocities should be updated for the computation in the next time step using 
the following equation,  

 
(31) 

Here  is the relaxation factor to control the numerical dissipation [42] given by 

 
(32) 

By varying  from 0 to 1, one can change the amount of dissipation introduced in the system. In our 
simulations,  is taken as 0.5.  
  

4 LS-DYNA keywords of ISPG 
 
ISPG has been implemented in LS-DYNA as a new 3D element formulation (#49) in the keyword 
*SECTION_FPD for the semi-implicit dynamic analysis. In other words, ISPG solves the pressure equation 
implicitly while the velocity field is computed explicitly as that in SPG. The numerical advantages of utilizing 
semi-implicit analysis for the fully incompressible flow problem are the high accuracy and efficiency in which 
the numerical diffusion is improved, and critical time steps do not drop abruptly by implicitly solving the 
pressure equation. Because the momentum equations are well-preserved and the fully incompressible condition 
is met in the Navier-Stokes equation, the ISPG method is very suitable to simulate free surface flow problems. 
The ISPG nodes are automatically converted from those of the user’s FEM model (8-noded solid element). The 
input deck of *SECTION_FPD for card 2 and card 3 is described as follows: 
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Card 2 DX DY DZ ISPLINE KERNEL BOX SMSTEP SSTYPE 
 1.8 1.8 1.8 0 0    
Card 3 MCVISC VMAX       
 0.1        

 
DX,DY,DZ Normalized dilation parameters of the kernel function in X,Y and Z 

directions, the recommended range in ISPG is 1.4-1.8 
KERNEL  Kernel type. KERNEL=0 Updated Lagrangian (UL) kernel. Currently, only 

UL kernel is supported. 
MCVISC Relaxation parameter to control the numerical dissipation used in Eq. (32). 

Recommended range 0-1 
 
The material property of the fluid in ISPG is defined with the keyword *MAT_IFPD, the card 1 is described as 
follows: 

Card 1 MID RO DYNVIS SURFTEN     
 1 1.8 1.8 0     

 
RO Fluid density 
DYNVIS  Dynamic viscosity of the fluid 
SURFTEN Surface tension coefficient 
 
The contact between fluid and solid is defined with the keyword *DEFINE_FP_TO_SURFACE_COUPLING, 
the card 1 and 2 are described as follows: 

Card 1 SLAVE MASTER STYPE MTYPE     
 1 1 1 0     
Card 2 SBC SCA    SFP   
 0 0.5    0.1   

 
SLAVE Slave part ID 
MASTER Master segment set ID 
STYPE Slave type, currently only STYPE=1 (slave part) is supported. 
MTYPE Master type, currently only MTYPE=0 (segment set) is supported 
SBC Type of boundary condition. SBC=0, free-slip boundary; SBC=1, non-slip 

boundary. 
SCA Static (equilibrium) contact angle 
SFP Stiffness coefficient along the normal direction of the contact interface. 

SFP<1.0 
 



16th International LS-DYNA® Users Conference FSI/ALE 
 

June 10-11, 2020  10 

5 Numerical Example 
 

The following two examples are solved with the Beta version of LS-DYNA [19]. 
 

5.1 Shape prediction of solder joint with fixed contact angles 
 

In this example, the shape evolution of a cubic solder is simulated, and its final size is compared with the 
analytical solution. The original size of the cubic solder is . The density and surface tension 
of the solder are  and , respectively. The solder is discretized with 11 
nodes in every direction shown in Figure 2, which leads to a model having a total of 1331 particles. For the 
contact between solder and pad, the free-slip boundary condition is applied. Two equilibrium contact angles  
and  are used separately for the simulation. No gravity is considered in this study, and the total simulation 
time is 100ms.  
 
 

 
Figure 2. Discretization of the solder and pad 

 
Figure 3 a and b give the final equilibrium configuration of the solder with the equilibrium contact angles equal 
to  and , respectively. The comparison of final height and width is summarized in Table 1 and Table 2. 
The difference between the predicted size and the analytical solution is smaller than 5%, despite a very coarse 
resolution is used in our simulations. 
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a 

 
b 

 
Figure 3. Mesh section view of the final equilibrium configuration of the solder. a, result with equilibrium 

static angle ;   b, result with equilibrium static angle     
 

Table 1. Final solder geometry with equilibrium contact angle   
 Analytical [mm] ISPG predicted 

[mm] 
Difference 

Height 0.576 0.571 0.87% 
Width 1.995 1.930 3.26% 

 
Table 2. Final solder geometry with equilibrium contact angle   

 Analytical [mm] ISPG predicted 
[mm] 

Difference 

Height 0.985 0.957 2.84% 
Width 1.313 1.290 1.17% 

 
 
5.2 Prediction of the standoff height and width of the solder joints on BGA 
 
The standoff height and the maximum width of the solder joints are very important in the design process, 
because they affect significantly the fatigue life of solder joints. In general, the standoff height and the 
maximum width of solder joints are related to the change of solder volume. In this study, different volumes of 
the solder are simulated, and the predicted standoff height and maximum with are compared with the 
experimental result. The solder pad and solder mask are shown in  Figure 4. The material of solder pad is Ni-Au 
and the mask is made of epoxy. The equilibrium contact angles of the molten solder formed on the solder pad 
and mask are  and  , respectively. Five different volumes of solder are used for the simulations, and they 
are  and . The solders are discretized with 1365, 
2299, 4389, 3355 and 3742 particles, respectively. The density and surface tension of the solder are 

, , respectively. The gravity is . 
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Figure 4. The cross section of BGA substrate. 
 

Figure 5 compares the cross sections of solder joints between experimental observations [6] and simulation 
results. In general, they agree very well with each other. As shown in Figure 5, the contact angle formed in 
solder pads increases with the increase of solder volume.  

 

  
a, volume =  

  
b, volume =   

  
c, volume =   
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d, volume =   

  
e, volume =   

 
 

Figure 5. Comparison on the cross sections of the solder joints between the experimental observations and 
the simulation results. Left: experimental observations; right: simulation   

 
Figure 6 compares the simulated standoff height and the maximum width of the solder joints between the 
simulated results and the experimental measurements [6], and the results match very well. ` 
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a, standoff height vs. solder volume  

 
b, maximum width vs. solder volume 

Figure 6. Comparison of the standoff height and maximum width of the solder joints with experimental 
data. 

 
5.3 MPP performance of ISPG 
 
The MPP version of ISPG for solder reflow simulation is available in LS-DYNA from beta version 141271, 
which can be used to simulate a large amount of solders in electronic packaging process with parallelization 
algorithm based on the solder parts. In order to obtain the best computational efficiency in cases of a large 
amount of solders are simulated simultaneously. In general, the keyword 
“CONTROL_MPP_DECOMPOSITION” can be used for the MPP decomposition, and Single solder should not 
be decomposed to more than 1 CPU core to minimize the computational cost. 
In this example, 16 solders are used to test the parallelization efficiency. The original size of the cubic solder is 

. The density and surface tension of the solder are  (scaled 10000 times) 
and , respectively. The solder is discretized with 11 nodes in every direction, which leads 
to a model having a total number of 1331 particles for one solder, and a total number of 21296 particles for 16 
solders as shown in Figure 7. In this simulation, a non-slip boundary condition is used, and the total simulation 
time is 60 seconds. The computer used for the simulation has an Intel EV-2623 V4 CPU with 8 CPU cores. The 
processor clock rate is 2.6GHz, and global memory is 64G. 
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Figure 7. The initial configuration for 16 solders   

 
Table 3 summarizes the efficiency of MPP parallelization, and the comparison shows our parallelization has 

very good parallelization scalability if the number of CPU cores is less 8. The acceleration ratio is only 5.78 if 8 
cores are used, which is understandable, because there are only 8 cores in the computer used for the simulation.    

 
Table 3. Efficiency of MPP parallelization  

 1 core 2 cores 4 cores 8 cores 
Clock 

time[minutes] 
26.6 13.7 7.2 4.6 

Acceleration ratio 1.00 1.94 3.69 5.78 
 
Figure 8 shows the final configuration of the 16 solders with pressure contour form the results obtained with 8 
CPU cores. No difference of pressure distribution can be observed among the 16 solders, which verifies the 
consistency of our MPP parallelization algorithm. 

 
Figure 8. Final configuration of the 16 solders with pressure contour 
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6 Conclusions 
 
In this paper, an incompressible smoothed particle Galerkin (ISPG) is developed for the simulation of shape 
evolution of solder joints in the reflowing process. Shape prediction with fixed contact angles shows that there 
is little difference between our simulated results and the analytical solution, which verifies that our method is 
very accurate. The prediction of the standoff height and the maximum width of solder joins on BGA shows that 
our simulation results agree with the experimental observation. Currently, SMP and MPP versions are available 
in LS-DYNA. 
It is important to note that ISPG is not limited to the simulation of reflow soldering problems. As a matter of 
fact, ISPG is a very promising method in the simulation of violent free surface fluid flows. Several numerical 
examples including liquid sloshing with large free surface deformation and dam breaking have been studied to 
demonstrate the accuracy and stability of the ISPG method in solving 2D fluid flow problems [18]. The 
application to three-dimensional free surface and thermal fluid flow problems will be presented in the near 
future.   
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