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Abstract
Shipping containers are exposed to complex dynamic loading conditions during transport via truck,
rail, and air. The loading conditions are further complicated by contact nonlinearities between the cart
and ground, between cart holders and suspended parts, and between neighboring suspended parts.
This study focuses on developing a modeling strategy to simulate a container cart with parts
undergoing ASTM D4728 truck random vibration tests. Initially, the linear frequency-domain
properties and response to a random excitation profile of the cart structure were examined and
correlated with experimental measurements. The linear response predictions lacked the required
modeling fidelity to capture the nonlinear dynamic behavior observed during the testing as the input
power spectral density profile was increased to higher levels. Thus, the nonlinear response was then
simulated in the time domain using the explicit integration method in LS-DYNA®. The use of LSDYNA® also allowed the simulation of the complex contact-driven boundary conditions. The total run
time was determined to be prohibitively long for the second approach as the time step size was 0.3
μsec for the required simulation duration of more than 5 sec. Finally, a dynamic substructuring
strategy was employed through the use of super elements. This final approach captured the dynamic
amplification of the cart, maintained the contact nonlinearities, and reduced the total run times. This
modeling approach in LS-DYNA® appears promising to capture the complex dynamic loading
conditions affecting shipping containers in a computationally efficient manner.

1 Introduction
The dynamic loading conditions for shipping containers during transport via truck, rail and air are
complicated by several factors that can be classified as external, structural or by the vibratory signal.
The external factors include the vehicle suspension, payload, platform location [1], vehicle speed [2],
road surface conditions [3], and braking severity. The structural complexities include contact
nonlinearities between the cart and ground, between cart holders and suspended parts, and between
neighboring suspended parts. Transport-related vibratory signals are generally characterized as
Gaussian and stationary in nature, as they enable one to conveniently study the phenomenon in the
frequency domain by expressing the random vibration in terms of power spectral density and root
mean square acceleration values. However, recent advances and emphasis on characterizing road
vibrations to be non-Gaussian [4, 5] necessitates the system be modeled in the time domain.
Due to these complexities, packaging system designs are often evaluated through empirical means.
Several studies [6-8] have examined vibration levels during truck transportation under various road
conditions and the residual effect on the shipped goods. Experimental guidelines for shipping racks
are established in ASTM D 4728 [9] and provide a uniform basis for evaluating shipping units in
controlled laboratory conditions. Often, designs are modified on the basis of experience by increasing
the strength of the shipped product or improving the shock absorption capacity of the packaging
system. Thus, such processes depend on judgment and require iterative testing.
Prior studies have demonstrated the feasibility of using finite element models to evaluate the
performance of packaging materials. For example, two recent studies [10-11] examined drop and
impact test conditions for electronic devices. Such drop tests are short in duration, thus simulation
times are manageable. Virtual manufacturing communities have shown interest in producing a set of
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coordinated finite element models that are both high quality and fast enough to shorten the design
cycle and decrease the cost [12-13]. Random vibration problems are typified by longer simulation
times, and contact problems require finer mesh. Each makes the entire process computationally
expensive, which reduces any design iterations and optimization studies on these models. To the
best of the authors‘ knowledge, there is no prior published work that has undertaken nonlinear
modeling of the random vibration of shipping containers.
To fill these voids, this article conducts an in-depth experimental and computational study of a
selected shipping container. The study investigates both linear, random vibratory response and the
feasibility of studying the nonlinear response to vertical random excitation with commercially available
LS-DYNA® finite element software. The emphasis is placed on development of a computationally
efficient finite element model by utilizing a dynamic substructuring technique that permits random
vibration studies in both time and frequency domains.

2 Problem Formulation
The focus of this article is on a class of transportation carts where the components are unconstrained
and held in place due to gravity. A photograph of such a system is illustrated in Fig. 1 where the
transportation cart is supporting five automotive parts. The primary excitation is the base motion
introduced to the system in the vertical direction. During operation and testing, the cart may lose
contact with the ground surface, and the automotive part may come in and out of contact with the
transportation cart as well as other automotive parts in close proximity. The chief objectives of this
article were as follows:
•
•
•
•

Conduct dynamic experimental studies of a transportation cart under random
excitation;
Construct and analyze a three-dimensional, linear, dynamic finite element model of
the experimental studies;
Construct an efficient three-dimensional, nonlinear, dynamic finite element model of
the experimental studies; and to
Compare the dynamic responses of the experiments with the finite element model
predictions.

The excitations applied in these experiments are in accordance with road profiles described in ASTM
D4728 and were conducted at three different amplitude levels as shown in Fig. 2. The finite element
model of the entire system was developed using commercially-available nonlinear dynamic software
(LS-DYNA®). The analyses include linear frequency domain as well as nonlinear time domain
numerical integration solutions. The materials for each component are considered linear elastic, and
the nonlinearity exists in the form of contact. The frequency range of interest was 0 to 150 Hz,
corresponding to the typical excitation bandwidth experienced during truck transport. Further, the
selected transportation container had the capacity to carry ten individual automotive components, with
five along the top row and an additional five along the bottom row; however, this study was limited to
the case where a single part is supported at the end of the top row, as this location experiences the
greatest dynamic motion amplification.

Fig.1: Photograph of the subject shipping cart shown with five automotive parts on top row and an
empty bottom row.
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Fig.2: Power spectral density of the base excitation profiles in accordance with ASTM D4728. Key:
(
) Level 1, (----) Level 2, (
) Level 3.

3 Experimental Investigation
3.1

Introduction

The experimental dynamic tests had two objectives: 1. to measure the modal properties of the cart
structure in terms of natural frequencies, damping ratios, and mode shapes; and 2. to measure the
motion transmissibility between the shaker floor to key observable locations on the cart structure. The
modal measurements were conducted with three configurations: 1. shipping container only, 2.
shipping container with one part, 3. shipping container with five parts. The shipping container was on
a level concrete surface supported by the caster wheels. The system was excited and the responses
were observed in the vertical direction. The test was conducted with a 512-Hz sampling frequency with
a 1-Hz resolution. The sensitivity of the impact hammer and the accelerometer used was 2.2 mV/g
and 100 mV/g, respectively. The frequency response functions were calculated using the H1 estimator
and 5 averages with forced exponential decay applied to the output to avoid spectral leakage.

Vibration mode description
Configuration

Out-of-phase arm bending

In-phase arm bending

ω1 / 2π

ζ1

ω2 / 2π

ζ2

Shipping container only

21.8

1.76

26.5

0.96

Shipping container with one part

18.9

1.88

25.0

0.18

Shipping container with five parts

16.8

0.73

24.7

0.42

Table 1: Limited measured modal properties of the shipping container
The operational experimental schematic for conducting the ASTM 4728 random vibration tests is
shown in Figure 3. The shipping container was placed on the rigid shaker table platform so that the
applied base motion was uniform over the test surface. The shaker table produced a single direction
of vertical motion as controlled levels of continuously variable amplitude throughout the desired range.
The shipping cart was restricted in excessive in-plane motion with several fixtures and guides for
safety purposes. Accelerometers were positioned to measure the response at each of the four caster
wheels, the response at the arm tips, and the motion of the shaker table. The measurements from the
accelerometers were taken at a bandwidth of 512 Hz for 50 seconds and 50 averages. Three levels of
base excitation profiles were conducted in accordance with ASTM D4728.
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Fig.3: Schematic of the instrumentation for the ASTM D4728 experimental setup. Accelerometers
located 1. at shaker base, 2. above caster wheel, and 3. at arm tip position.
3.2

Key Results

The tests were conducted under three configurations: 1. shipping container only, 2. shipping container
with one part, and 3. shipping container with five parts. The power spectral density measured at the
base (1), above a caster wheel (2), and at the arm tip (3) for the container only configuration at all
three excitation levels is shown in Figure 4. No significant difference was observed between the
measurements made by accelerometers placed at each caster wheel, as such, the measurement
taken at a single location is considered as the representative of the measurements taken at all four
caster wheels. Figure 4 illustrates the amplification of the base input excitation to the shipping
container above the caster wheel and at the cantilevered arm tip at all excitation levels. Maximum
amplifications of the power spectral density correspond to the natural frequencies of different arm
modes observed in the modal tests (given in Table 1).
Figure 5 shows the effect of loading at various measurement points of the structure for the Level 3
excitation profile. The base and caster plate measurements were mostly unaffected by loading,
whereas the arm tip exhibited greater sensitivity to the presence of the automotive part. The arm tip
power spectral density was largely unaffected at frequencies below 20 Hz, the response decreased
between 20 and 30 Hz, and the response generally increased above 30 Hz in comparison to the other
observed locations on the shipping container. This sensitivity is attributed to the series of impacts due
to bouncing of the part on the arm.
Table 2 summarizes the results from the random vibration test in terms of the overall acceleration level
Grms. An average amplification factor of 8.26 was observed between the base and the arm. It was
observed that even though the peak acceleration levels were lowered when the shipping container as
loaded, there was negligible change in the amplification factor obtained from these Grms values.
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Fig.4: Acceleration power spectral density (PSD) measured for shipping container only configuration
at (a) Level 1 excitation, (b) Level 2 excitation, (c) Level 3 excitation. Key: (
) shaker table
) arm tip.
base, ( ---- ) caster, (

Fig.5: Effect of part loading under Level 3 excitation profile at (a) arm tip, (b) caster, (c) base. Key:
(
) shipping container only, (----) shipping container with single part.
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Configuration

Level

Shipping container
only
Shipping container
with one part

1
2
3
1
2
3

Base
0.7
0.5
0.35
0.7
0.49
0.34

Location
Caster
1.71
0.78
1.23
0.91
1.35
0.78

Arm
6.71
4.11
2.72
5.01
4.08
3.25

Table 2: GRMS measured at key positions on the shipping container during the ASTM D 4728 tests.

4

Finite Element Model

The finite element model of the transportation container included each component of the actual
container with the exception of the caster wheel assembly. The structural components of the shipping
container (shown in Fig. 6) are modeled with shell elements and assigned properties of cold rolled
steel ASTM A366 with a Young’s modulus of 210 GPa, density of 7850 kg-m-3, and a Poisson’s ratio of
0.3. The automotive part holder is a plastic material with assumed properties for Young’s modulus of
0.8 GPa, density of 970 kg-m-3, and a Poisson’s ratio of 0.4. The shipping container system has
approximately 700,000 degrees of freedom. The components of the shipping container assembly are
connected via nodal rigid body elements. The boundary conditions are applied at the four caster plate
locations using a pinned condition for the frequency step, and dynamic velocity excitations are
imposed on the the identical nodes based upon measured data. The acceleration data measured at
the rack caster wheels were post-processed to detrend signal drift due to noise and bias. Contact is
established between the shipping container and the automotive parts using the penalty formulation.
The parameters used for the contact formulation [14] are given in Table 3.

Fig.6: Finite element model of the shipping rack; 1. caster base, 2. arm tip, 3. arm holder.
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Contact formulation
Algorithm
Static friction coefficient
Dynamic friction coefficient
Viscous damping coefficient

Soft constrained penalty formulation
Slave search contact algorithm
0.3
0.2
20%

Table 3: Contact model type and parameters at interface between the shipping container and
automotive part.

5 Modal Parameter Correlation
An eigenvalue analysis of the finite element model was first performed using the Lanczos algorithm
[15] within LS-DYNA, and the results were compared with the experiment. The measured modal
properties allowed for an estimation of the modal damping ratios of the shipping container structure
from which the Rayleigh damping coefficients, α and β, were computed.
The frequency response function was synthesized within LS-Dyna using the mass normalized
eigenvectors of the driving point and cross point. The first 100 modes that spanned from 0 Hz to more
than 500 Hz were utilized, and the accelerance frequency response function was synthesized by the
following expression:

Aij (ω ) =

100

−ω 2 {U i }r {U j }

r =1

2
r

∑ (ω

T
r

(1)

− ω ) + j 2ζ rωrω
2

where Aij(ω) is the accelerance obtained when unit force is applied at ith degree of freedom and
acceleration is measured at jth degree of freedom. Driving point accelerance is a special case with i=j.
The comparison of the driving point accelerance with measurements in the Z-direction under the
shipping container only configuration is shown in Figure 7. The modal damping ratio was calculated to
be 2% from the measured frequency response function using the half-power bandwidth method. This
equates to Rayleigh damping coefficients calculated with ω = 27 Hz to be α = 0.22 and β = 3.587 x
10-4.
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Fig.7: Comparison of measured and predicted driving point accelerance, A33. Key: (
finite element model, ( ) measurements.
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The peak response at the driving point frequency response function occurred at 22 Hz in the
experiment compared to 27 Hz in the finite element model. The source of error between the
measured and predicted response was likely that the actual shipping container was used and
displayed significant wear and tear. The worn condition was not included in the finite element model.

6 Dynamic Substructuring
6.1

Component Model Reduction Techniques

There are a variety of methods proposed in the literature [16] to compute the reduction basis for large
systems. The basic idea behind component model reduction methods in structural dynamics is in fact
modal superposition, where the displacements are written in terms of normal modes and modal
amplitudes.
n
(2)

u = ∑ U jη j
j =1

Applying this idea to a dynamic substructuring technique, some static modes are required in the
reduction basis to represent the static deformation caused by external forces. The undamped
equation of the motions of the substructure S is given by

Mu + Ku =
L

(3)

The set of original degrees of freedom u is transformed into a set of generalized degrees of freedom
q.
(4)
u = Rq
Here R is the reduction basis of dimension n x r, typically with r<<n. Substituting (4) in (3),

MRq + KRq = L + ε

(5)

where Ɛ is the error, since the generalized degrees of freedom q does not span the full solution set.
Also, here the error is assumed to be only in the space not spanned by R. Therefore, the
orthogonality of R with Ɛ yields RT Ɛ = 0. Using this property and pre-multiplying equation (5) by RT,

where

RT MRq + RT KRq = RT L

(6)

 q + K
 q = L
M
~
L = R T LR .

(7)

~
~
M = R T MR , K = R T KR , and

Here the reduction basis R can be any orthogonal set of Ritz vectors or approximate modes, which is
computationally less expensive to compute than eigenvectors. The general algorithm to compute Ritz
vectors is given in [17]. The various component reduction techniques differ from one another in the
choice of this reduction basis R. This work adopts the Craig-Bampton reduction technique, hence a
brief overview of this technique is provided here.
6.2

Craig-Bampton Method

The Craig-Bampton method [18] forms the reduction basis R by using two classes of modes, the

constraint modes ( Ψ c ) and the fixed vibration modes ( Φ int ). The constraint modes contain the static
information, and the fixed vibration modes contain the internal vibrational information of the structure.
The primary step involved in generation of the substructure is identifying the retained (boundary)
degrees of freedom ub and eliminated (internal) degrees of freedom ui. The system equation in (3) is
then partitioned as
(8)
b  K bb K bi  ub  L 
M bb M bi  u
.
+
=

  
   

 M ib

i   K ib
M ii   u

K ii   ui 

0
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To include the vibrational information in a reduction basis, one must fix the boundary degrees of
freedom, (i.e.) set ub = 0. This results in
(9)
M u + K u =
0
ii i

ii i

This can be solved as an eigenvalue problem and results in a set of eigenfrequencies and
eigenmodes Φ int .

The static information of the structure is then extracted by computing the constrained modes Ψ c . This
can be thought of as constructing equivalent stiffness matrix between the boundary degrees of
freedom. The second equation in (8) is
(10)
M u + M u + K u + K u =
0.
ii i

ib b

ii i

ib b

Since it is considered a static problem, the inertial forces are zero, thus, equation (10) reduces to

K ii ui + K ib ub =
0 and

(11)

ui , static = −K ii−1K ib ub .

(12)

Now the original set of degrees of freedom u is reduced to a set of boundary degrees of freedom (ub)
as
(13)
I

ub  
.
=
Ψ
u
u
  =
 b
−1
c b

 ui 

 −K ii K ib 

Since the original set of interface degrees of freedom (ub) are retained, the primal assembly can be
used to couple the substructure to other substructures or componets of the remaining finite element
model.
Using the internal vibrational information
freedom u are written as

Φ int and constraint modes Ψ c ,

ub
ub  
  I
=
=
{u} =
 


 ui   Ψ c ub + Φint ηi   Ψ c

the original set of degrees of

0  ub 
ub 
=
 R  .

Φint   ηi 
 ηi 

(14)

.
6.3

Development of the Shipping Container Substructure

The first step involves identification of linear and non-linear parts of the structure and substructuring
the linear part. Fig 8a shows the parts of the shipping container rack that will be converted to a
substructure, and Fig 8b shows the arm hanger that was retained for contact with the automotive
parts.
The next step involves identifying the nodes, their corresponding degrees of freedom and the
frequency range for the internal vibration modes of the substructure to retain. The nodes act as
couplers to the complete model and preserve the physical framework of the substructure. Degrees of
freedom are retained for excitation points through which energy enters the system. The excitation
locations retained the vertical degree of freedom reflecting the excitation direction, whereas all six
degrees of freedom were retained on the arm shown in Fig 8a.
Next, a frequency range is selected for the dynamic reduction. The internal vibration modes are
retained up to 120 Hz. Using this approach, the 700,000 degrees of freedom model is reduced to a
substructure with 34 static and 60 dynamic modes for a total of 94 degrees of freedom.
The substructure is assembled to the remaining portions of the finite element model by constraining
the retained arm tip nodes to the underside of the arm hanger using nodal rigid body elements.
Visually, the substructured models appear within the preprocessor, LS-PrePost, as shown in Fig 9.
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Fig.8: Partitioning of complete finite element (FE) model. (a) Substructured part of the FE model,
(b) components retained in full.

Fig.9: Finite element model with substructure. (a) Shipping container only configuration, (b) Shipping
container with one-part configuration.
6.4

Verification of the Dynamic Substructure Model

To prepare the dynamic substructure model for nonlinear random vibration simulations in the time
domain, it is important to verify the linear characteristics of the substructured model with the complete
finite element model. This can be done by comparing the driving point accelerance A33 of the
substructured finite element model and the complete finite element model. It can be seen from Figure
10 that the substructured finite element model follows the complete finite element model up to 60 Hz
as expected, and then the difference between them shows up. The accelerance can be made to
comply further, beyond 60 Hz, by the addition of residual modes to the substructure [19] or by
increasing the number of retained dynamic modes, but the current model does not necessitate the
presence of modes beyond 60 Hz. With the verification process complete, these models can be used
in the time domain simulation.
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Fig.10: Comparison of the driving point frequency response function, A33, for the substructured and
complete finite element models. Key: (
) substructured finite element model, (+) complete
finite element model.

6.5

Computational Time Comparisons

Fig. 11 shows the effect of various factors that were shown to influence computation time. All the
cases shown here are simulations that are computed with an average mesh size of 20 mm (except for
the case with finer mesh) for 1 s utilizing 64 processor cores. The following factors were found to
affect computation time: 1. presence of substructure, 2. integration scheme, 3. mesh density, and 4.
contact formulation. The figure is just an indicative and the identification of most computationally
efficient model is very specific to the problem. If the model permits, addressing the random vibration
problem entirely in the frequency domain using linearity assumptions is the most efficient way. For
example, with the above configuration, the response power spectral density curve is computed in
approximately 5 minutes; however, such an analysis is limited by the linearity assumption.

Fig.11: Effect of different factors on computation time. (
formulation, (
) substructured models.

) Full model with penalty-based contact
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7 Results
The substructured finite element model is subjected to the detrended vibratory input measured from
directly above the caster wheel for a duration of 5 seconds with the simulation carried out with the
explicit solver. Figure 12 shows the comparison of the power spectral density observed at the arm tip
for both the simulations and measurements for the shipping container only configuration. There is
good agreement up to 15 Hz; the results tend to diverge at and around 20 Hz. This difference
between the model and experiment is attributed to the observations noted for the modal properties
shown in Fig. 7. Here, the arm mode shapes differed between the experiment and model and have
shifted the nonlinear dynamic amplification. Beyond 60 Hz, the response of the finite element model
decreases. This difference in the response is attributed to an observation made during the
experiments. Namely, several components of the actual shipping container exhibited clearance
nonlinearites, and rattling was observed at the handle of the container, which was located far away
from the arm tips. These clearances and subsequent rattles were not simulated in the current finite
element model.

Fig.12: Comparison of the measured and predicted power spectral density (PSD) at the arm tip for the
shipping container only configuration, (a) Level 1 (b) Level 2 (c) Level 3 excitation. Key:
(
) finite element model, ( ) measurement.
Figure 13 shows the comparison of the power spectral density measured at the arm tip for both
simulation and measurements for the one automotive part configuration. Here, the simulation includes
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the clearance nonlinearity between the cart and part. Similar to the prior result, the results diverge in
and around the arm modes.
Note that the magnitude of the response does not decrease significantly above 60 Hz as with the
shipping container-only configuration (see Fig. 12). This supports the hypothesis that the unmodeled
clearance and subsequent rattling explains the observed differences between the experiment and
model. Such repeated impact events of the parts on the arm provide a broadband excitation and
response.

Fig.13: Comparison of the measured and predicted power spectral density (PSD) at the arm tip for the
shipping container with one part configuration, (a) Level 1 (b) Level 2 (c) Level 3 input
excitation. Key: (
) nonlinear finite element model, ( ) measurement.
Motion transmissibility between the caster and the arm tip (see Fig. 14) was obtained from a linear
finite element model and compared against the motion transmissibility from the measurements and the
nonlinear finite element simulation. Comparing both the linear and nonlinear predictions provides an
illustration of the significance of the nonlinearity present in the system as well as the extent to which
linear system theories could be applied for further analysis. Generally, there is agreement between
both models up to 20 Hz where the linear model prediction begins to deviate from the nonlinear model
prediction and experiment. This result demonstrates that, for the subject system, linear frequency
response functions provide some useful information on dominant arm modes of the system; however,
linear theory does not have sufficient fidelity to capture the nonlinear dynamic behavior.
Table 4 shows the comparison of overall acceleration levels observed at the arm tip in both the
configurations at all three input levels. There is no significant difference observed in the overall
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acceleration levels when comparing the linear and nonlinear finite element models for the shipping
container-only configuration, whereas the linear finite element model underpredicts the response in
the case of the container with one part configuration. This is due to the absence of broadband
excitation caused by the impact of the parts on the arm in the linear finite element model.

Fig.14: Comparison of motion transmissibility between the linear finite element model, the nonlinear
finite element model and the experiment for the shipping container with one part configuration.
Key: (
) linear finite element model, (o) measurements, (---) nonlinear finite element model.

Configuration
Shipping container only
Shipping container with
one part

Level

Measurement

1
2
3
1
2
3

6.71
4.11
2.72
5.01
4.08
3.25

Nonlinear finite
element model
7.22
5.02
3.39
5.66
4.25
3.78

Linear finite
element model
6.12
4.23
3.01
4.03
2.57
1.81

Table 4: Comparison of arm tip G for each load configuration and excitation level.

8 Summary
Dynamic experimental studies were conducted under random excitation of the shipping container cart
based on the ASTM D4728 test method. The acceleration time histories measured at three locations
on the cart, namely the base, the caster and the tip of the arm, demonstrated dynamic amplification
from the base vibrations to the holder arm tip at all levels of excitation and load configurations. An
efficient three-dimensional finite element model of the experimental studies was developed using
dynamic substructuring technique. The model is simulates longer time periods at a reduced
computation cost while maintaining reasonable accuracy. Discrepancies in the model mainly
necessitated the importance of expanding the study into the realms of interfacial damping
characterization and contact modeling between the cart and the suspended parts to increase the
fidelity of the current model and should be pursued in future studies. The model also illustrated the
significance of non-linear time domain modeling of the random vibration problem as significant
differences between the linear and non-linear motion transmissibility were evident. The finite element
model consistently captures the nonlinear random vibration phenomenon and predicted the overall
root mean square acceleration levels within 10-20% for three levels of excitation.
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